Abstract. In this work, the authors develop new methods for the accurate and efficient solution of the two-dimensional, incompressible Euler equations in the vorticity form. Here, the velocity is recovered directly from the Biot-Savart relation with vorticity, and the vorticity is evolved through its transport equation. Using a generalized Poisson summation formula, the full asymptotic error expansion is constructed for the second-order point vortex approximation to the Biot-Savart integral over a rectangular grid. The expansion is in powers of h2, and its coefficients depend linearly upon only local derivatives of the vorticity. In particular, the second-order term depends only upon the vorticity gradient. Except at second-order, the coefficients also involve rapidly convergent, two-dimensional lattice sums. At second-order, the sum is conditionally convergent, but can be calculated easily and rapidly. Therefore, we can remove the second-order term explicitly from the point vortex approximation to obtain a fourth-order discretization. In the special case of a square grid, the second-order error term is orthogonal to the vorticity gradient. The convective derivative ofvorticity is thus calculated to fourth order using the unmodified point vortex approximation and automatically yields a fourth-order evolution. These methods have been implemented. For the vorticity transport equation, the point vortex sums are evaluated very rapidly using the fast Fourier transform (FFT) algorithm, and vorticity gradients are approximated using high-order difference methods. With high resolution, the authors solve numerically the roll-up of a thin layer of vorticity through the Kelvin-Helmholtz instability, and the interaction of two oppositely signed vortices driven together under an external strain flow. In the latter case, a simple time dependence of the grid is introduced to maintain resolution of the flow.
efficient solution of the two-dimensional, incompressible Euler equations in the vorticity form. Here, the velocity is recovered directly from the Biot-Savart relation with the vorticity, and the vorticity itself is evolved through its transport equation. This is in itself not a new idea (see [22] , for example). However, we perform a new analysis of the point vortex approximation to the Biot-Savart integral, and construct explicitly its asymptotic error expansion for rectangular grids. This analysis is used to develop new methods that are efficient and fourth-order accurate.
Traditional numerical methods for fluid mechanics have concentrated on either the primitive variable formulation of velocity-pressure or the vorticity-stream formulation (see [23] , for example). A Poisson equation for either the pressure or the stream function is discretized and inverted at each time step with appropriate boundary conditions suitably accounted for. Advantages of these methods include their rapid evaluation and their overall accuracy. They are not so naturally adaptive as an adaptive grid would require inverting an elliptic equation with nonconstant coefficients.
Lagrangian vortex methods (see [10] , as well as other references listed at the end of this paper, for example) also exploit the relationship between velocity and vorticity to *Received by the editors September, 17, 1991; accepted for publication (in revised form) September 30, 1992 . The [17] . However, their accuracy is difficult to maintain due to grid distortion and the singular nature of the Biot-Savart kernel.
Ideally, one would like to retain the adaptivity of the Lagrangian methods while controlling the grid motion so as to reduce distortion effects and to retain high-order
accuracy. An advantage of the vorticity formulation is that adaptive meshes can be incorporated very easily. An adaptive mesh is included by making a specific choice of an underlying coordinate system. This choice of coordinate system merely introduces metric functions in the evolution equation for the vorticity and a Jacobian term in the Biot-Savart integral. In this way, we avoid numerically inverting an elliptic equation with nonconstant coefficients, as we use a discretization of the exact inversion formula. An important side benefit is that there is no ambiguity about the far-field boundary conditions, for open or periodic problems, since they are built into the formula exactly. We view this work as a partial step in the development of such adaptive methods. However, the special case of rectangular grids is very useful and interesting in its own right.
Using an appropriately generalized Poisson summation formula, we construct the full asymptotic error expansion for the point vortex approximation to the Biot-Savart integral evaluated on a rectangular grid. The existence of the error expansion was proved by Goodman, Hou, and Lowengrub [16] more generally on smooth, curvilinear grids, but the method of proof was not constructive. Thus in the case of a rectangular grid, we have provided an explicit example of the expansion. Beginning at the second order, the expansion is in powers of h , the spatial discretization size. The error is local in that the expansion coefficients depend linearly upon derivatives of the vorticity evaluated only at the mesh point at which the velocity is calculated. In particular, the secondorder error term depends only upon the gradient of the vorticity. The error also has a global part in that the coefficients involve two-dimensional lattice sums. However, these sums do not depend on the point of evaluation. These sums are also rapidly convergent except, apparently, at the second order where the sum is only conditionally convergent. We show how this lattice sum can be calculated both easily and rapidly. Thus we can remove the second-order term explicitly from the point vortex approximation to obtain a fourth-order discretization. In the special case of a square grid, even this is unnecessary as the second-order error term is orthogonal to the vorticity gradient. The convective derivative ofvorticity is thus calculated to fourth order using the unmodified point vortex approximation, and yields automatically a fourth-order evolution. We also find that in the square grid case, the error expansion contains only powers of h a after the secondorder term. A single Richardson extrapolation to remove the fourth-order term of the point vortex quadrature leaves the second-order and the eighth-order terms remaining. Thus, in the evolution equation, the second-order term falls out to yield eighth-order evolution. We note that in the case of more general curvilinear grids, extrapolation can be used to generate high-order accurate methods. A difficulty with extrapolation is that although its order of accuracy is higher than the original method, in general, its error coefficients are also larger.
We have also implemented these methods to demonstrate their utility and present numerical results on two difficult test problems. As the point vortex sums over rectangular meshes are discrete convolutions, they are evaluated using the FFT algorithm and the discrete convolution theorem in O(N In N) operations where N 9 is the number of mesh points. Vorticity gradients are approximated by high-order difference methods. The first test problem is the nonlinear roll-up of a thin shear layer through the Kelvin-Helmholtz instability. This is a difficult.problem as the vorticity develops spatial complexity and steep gradients. The second test problem is the interaction of two oppositely signed vorticies being driven together by an external straining flow. This problem also features strong vorticity gradient production and is relevant to the study of three-dimensional vortex interaction and reconnection [27] . However, the steepest gradients tend to alig n in a single direction. Consequently, we employ a simple time dependency of the grid to retain resolution of the flow. We compare it to the case where the grid is held fixed. It is a simple, but nontrivial, problem that nicely illustrates how the appropriate choice of time dependency in the grid can greatly improve the calculation.
Our future work includes further consideration of the vorticity transport equation. For example, our time integration method does not make use of the fact that the vorticity equation is a conservation law. The use of methods constructed for such transport equations as essentially nonoscillatory (ENO) methods [19] or other high-order Godunovtype schemes would likely improve the robustness of these methods [7] . It would also be useful to fund the second-order coefficient for the point vortex approximate on a generally smooth, curvilinear coordinate system so that more general fourth-order methods could be constructed without resorting to extrapolation. For the three 
where J is the Jacobian of the coordinate transformation given by J detVbX.
A Lagrangian vortex method [10] uses the specific choice le u. In this frame, X(b, t) is the trajectory of a fluid particle along which the vorticity is conserved. Furthermore, the transformation is area preserving due to incompressibility. An Eulerian vortex method, on the other hand, uses the choice F 0. Here, X(b, t) b and describes a fixed coordinate system. The vorticity is not conserved in this frame and must be advected. The transformation is trivially area preserving.
There are many possible choices of a quadrature method for this integral. For example, there is the point-vortex approximation [22] , [26] or quadrature methods based upon mollification of the singular kernel (see [1] , [2] , [4] , [5] , [10] , [15] , [18] , [24] [3] for such calculations with layers of constant vorticity). The Kelvin-Helmholtz instability initially causes vorticity to advect towards the center, leading to a relative concentration there (see Fig. 3(b) ). The Fig. 9 , which shows the same quantities, but for the same calculations with the initial zt-grid locations held fixed. The errors for the calculation with the moving grid is much smoother in time, and increase more slowly. Indeed, by t 0.4, the moving grid calculation with N 128 is as accurate as that for the fixed grid with N 256, and becomes more accurate (by virtue of its slower increase) by the end of the calculation.
The total conserved circulation of the two vortices is zero. However, it is also true that circulation computed from vorticity of a single sign is conserved, and in particular the circulation in the left or right half-plane is conserved (note that zl 0 is a free-slip surface for this flow). Figure 10 shows the error in the circulation for the right-hand vortex (calculated on the right half-plane using Simpson's rule), and its computed order, for the moving (solid) grid calculation at the three resolutions N N 64, 128, and 256 and the fixed (dashed) grid at the N N 256 resolution. This figure only serves to further illustrate the advantage in accuracy the moving grid affords over the fixed calculation. There is a slight degradation in accuracy near t 1 for the N1 N 256 calculation. This is due to the vertical boundary (upon which the vorticity and its derivatives are assumed to be zero) coming too close to the support of the vorticity.
The lower resolution runs are less sensitive to such a boundary effect. Figure 11 shows the normalized maximum vorticity on the mesh II llh,oo/ll lloo ae-( -n)tll llh,oo for the moving grid calculations (solid Finally, we note that in recent work, Fishelov [15] also considered a fixed-grid method for the vorticity formulation of the two-dimensional, incompressible Euler equations. She used a vortex blob discretization evaluated by direct summation. This approach may be more useful for long times and for cases where the grid is allowed to move since the blob discretization provides improved stability for Lagrangian methods (see [5] , for example). However, the blob approach is not likely to be useful for fixed grids and for short times, as we found that a vortex blob discretization with a Beale and Majda fourth-order kernel (using 6 h"9s) gave velocity errors that were two orders of magnitude larger than those for our fourth-order modified point vortex discretization (2.12) at t 0 and for the initial data (3.6) and N N2 256. Using the Poisson summation formula generalized to include singular integrands, we constructed the explicit error expansion for the point vortex approximation to the Biot-Savart integral. The existence of the error expansion was proved by Goodman et al. more generally on smooth, curvilinear grids, but the method of proof was not constructive. Thus in the case of a rectangular grid, we have proved an explicit example of the expansion. We found that the leading second-order error term depends on the vorticity only through the local value of its gradient. The coefficient is expressible as a two-dimensional lattice sum, and we demonstrate how its calculation can be done easily and rapidly. This leads to a simple modification of the point vortex approximation that yields fourth-order accuracy. In the special case of a square grid, the method of lines formulation of the vorticity transport equation, using the unmodified, second-order point vortex approximation and a fourth-order gradient approximation, automatically yields a fourth-order evolution of the vorticity. We note also that in the square grid case, the error expansion contains terms with only fourth powers of h after the leading second-order term.
Furthermore, we have demonstrated the utility of these methods through their employment to solve both the nonlinear roll-up of a thin, spatially periodic shear layer, and the interaction of two oppositely signed vortices being pushed together under an external, three-dimensional straining flow. As the summations were done on a rectangular grid, the FFT algorithm was used (through use of the discrete convolution theorem) to rapidly evaluate the velocity on the grid. Thus, the calculations are performed at high resolution. We were able to accurately follow the evolution of the shear layer well into the nonlinear regime, where the bulk of the vorticity has concentrated itself into a central vortex. This concentration is linked, in the thin layer limit, to the formulation of singularities observed in vortex sheets [3] . By employing a grid that collapsed naturally with the external compressive flow, we were able to compute the motion of two vortices driven together under the strain. Physically, the interest lies in their severe deformation and elongation, which yields enhanced dissipation in the presence of viscosity (see, for example, [9] for viscous calculations).
These methods have already found application in the study ofbuoyancy-driven flows, including both two-dimensional Boussinesq and fully stratified fluids [25] . In both these cases, the incompressibility constraint gives the Biot-Savart relation between velocity and vorticity, and the methods are directly applicable. There are several other directions that further work should take. Our time integration method does not make use of the fact that the vorticity transport equation is a conservation law. The use of methods constructed for such transport equations, such as ENO methods [19] , or other high-order Godunov type schemes, would improve the robustness of these methods (see also [7] ).
It would also be useful to find the second-order error coefficient for the point vortex approximation on a generally smooth, curvilinear coordinate system. This would allow the construction of fourth-order methods together with more general adaptivity, without resorting to explicit extrapolation to gain additional accuracy. For the three-dimensional Euler equations, we have seen that there is an apparent difficulty in directly applying the methods developed here to the so-called grid-free point vortex approximation. We are currently studying this. We note that the existence of asymptotic error expansions has been proved not only for the three-dimensional Biot-Savart integral, but also for its gradient whose computation is necessary to compute the stretching term in the vorticity transport equation (see [13] f(x-x')g(x')dxdx2
By the convolution theorem,
Denote a smoothing function by 6(x), and let it satisfy the usual properties of an approximate identity [31] . Then for any f, a smoothed version of it is given by (A.6) f, (x) f 6, (x).
Define the physical space grid by (A.7)
A(a,a2) {xj Ixj (jlhl,j2h2)with hi ah, h2 a2h and j (j,j2) Z2}, and the dual phase space grid by (A.8) A*(al,a2)={kjlkj=(-jl,2J2) and j (jl,j2) Z2}.
Then we obtain the following formula.
POISSON SUMMATION FORMULA FOR SINGULAR FUNCTIONS. Let f(x) be rapidly decaying in x, and smooth except for an isolated and integrable singuladty at x O. Then,
xeA(a,a.)\0 where f is the smoothed version off. Remark 1. As the function f has a singularity at the origin, its Fourier coefficients may decay too slowly to be absolutely summable. Consequently, the smoothing function 6(x) provides the mechanism to interpret their sum. In addition, the smoothing also gives rise to a residue, or self-induction term. However, since the left-hand side of (A .9) is independent of the choice of smoothing function, so is the right-hand side. Thus all smoothing effects in it must cancel.
Remark 2. Under certain circumstances, depending on the function f and the smoothing function 6, the limit of the right-hand side of (A.9) exists for each term separately. We discuss this in detail after the proof. Therefore, we get (A.14)
The limit as e -0 of the left-hand side of (A.14) clearly exists. Consequently, the limit as e 0 of the right-hand side exists and yields the result (A.9).
It is natural here to address the question of whether the limit of the right-hand side of (A.9) can be taken for each term separately. It is sufficient to determine whether the limit as e -0 of f,(0) exists. If it does, the existence of the limit of the left-hand side of (A.9) implies that the limit of the sum of Fourier coefficients must then also exist and hence the limit can be separated.
Suppose that f(x) can be written as
where H(x) contains the local singularity and g(x) is smooth and rapidly decaying. Then Since H(x) has a local singularity at the origin, the only way such a limit can exist is by some cancellation. Therefore, suppose that
Then, I,,R 0 for any e and R and hence the limit (A. 
by standard arguments such as the Riemann-Lebesgue lemma if 6 is the Dirichlet kernel (see below).
Finally, it remains to consider II,. Proof. We begin with the following lemma. TIJ)
The proof of this lemma is a straightforward application of (A.29) with f, (Kw),.
Thus, to determine the error expansion, we must now examine the lattice sum that appears on the right-hand side of (B.8). and ']' denotes the trapezoidal sum(i.e., the endpoints are weighted by 1/2). The purpose of this appendix is to prove the following result given in 2.
THEOREM. SECOND-ORDER ERROR COEFFICENT. For w(x) smooth and rapidly decaying, the second-order error coefficient can be given as Remark 2. In the analysis of Goodman, Hou, and Lowengrub [16] , it is essentially the smoothing function that gives rise to the undetermined constant of integration appearing in their second-order coefficient. We determine it explicitly.
Proof. Without Thus, we need to determine (C.9) and (C.I0). We begin with the self-induction term (C.10). And, for m >> 1, the error terms can be found through the Euler-MacLaurin expansion.
This gives the result (ii).
We can now rapidly and accurately sum S(c) using the asymptotic form of f. In particular, we obtain the following corollary.
RAPID SUMMATION COROLLARY. The sum S(a) can be rewritten so as to converge like 0(1/m7) by using the expansion (ii) in the following way: (5) 1.036927755143370.
